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Survival probability for brittle isotropic foams
under multiaxial loading
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The cell-strut modulus of rupture for brittle isotropic foams is not a constant, depending on
the volume and Weibull modulus of solid cell struts. In this paper, the existing model
describing the failure stresses for isotropic foams under multiaxial loading is modified to
take into account the effect of variability in the cell-strut modulus of rupture. As a result, the
failure envelopes of brittle foams with different prescribed survival probability and Weibull
modulus can be generated and presented. Results suggest that the effects of cell size,
Weibull modulus and prescribed survival probability on the failure envelopes of brittle
foams are significant. © 2000 Kluwer Academic Publishers

1. Introduction the tensile fracture strength of glass foams increases
Ceramic foams are increasingly being used as lightwith the square root of cell size. Meanwhile, Brezny
weight cores in sandwich structures, especially forand Green [9] experimentally measured the cell size
load-bearing components, because of their high melteffect on the fracture toughness of reticulated carbon
ing temperature and low thermal conductivity. How- foams.
ever, pre-existing flaws within ceramic foams reduce By assuming a constant cell-strut modulus of rupture,
their loading capacity and cause strength variabilityGibsonet al. [10] developed equations describing the
in both tension and compression. Ceramic foams irfailure surfaces for foams under multiaxial loads and
many engineering applications are subjected to multiHuang and Lin [11] analyzed the mixed mode fracture
axial loading. Various failure mechanisms might occurcriterion for foams. In practice, the cell-strut modulus
for ceramic foams under multiaxial loading, dependingof rupture of brittle foams depends on the volume and
on the properties of solid cell struts. Accounting for Weibull modulus of solid cell struts. The strength vari-
the cell-strut strength variability, ceramic foams couldability in the cell-strut modulus of rupture should be
have different failure mechanisms and resulting failuretaken into account in developing the failure envelopes
envelopes. The existing model for the failure envelopegor brittle foams under multiaxial loading. The survival
of foams assumes that the cell struts have a constaprobability of a brittle solid subjected to a non-uniform
modulus of rupture. Here, we modify the model to ac-tensile stress can be calculated from a Weibull statis-
count for cell struts of variable strength. The analysistic analysis[12—-14]. Huang and Gibson [15] verified
is based on the results on survival probability for brittlethat the cell-strut modulus of rupture of brittle retic-
honeycombs under in-plane biaxial loading by Huangulated vitreous carbon foams was described well by
and Chou [1]. The variability in the cell-strut modulus the Weibull statistic analysis. In the previous paper [1],
of rupture is accounted for using a Weibull analysis inwe reanalyzed the failure envelopes of brittle honey-
a manner similar to that used for brittle honeycombs. combs assuming that the cell-wall modulus of rupture
Gibson and Ashby [2] verified that bending mo- followed a Weibull distribution. We now apply simi-
ment dominates cell-strut deformation in foams andar ideas to the analysis of failure envelopes of brittle
thus proposed a cell-strut-bending model to analyzésotropic foams under multiaxial loading.
the mechanical properties of foams. For foams in uni-
axial compression, cell struts might fail either by elas-
tic buckling or by crushing [3-6]. The uniaxial com- 2. Strength variability of brittle cell struts
pressive crushing strength of foams was described wel three-dimensional, open cubic cell of isotropic foams
by the cell-strut-bending model [2] if the cell-strut having square cell struts with a cross-sectional aré of
modulus of rupture is assumed to be constant. Foand a cell lengtld is shown in Fig. 1. When the foam is
foams in uniaxial tension, the tensile fracture strength isubjected to remote multiaxial stressg's o, andoy,
much smaller than the compressive crushing strengttsolid cell struts mainly suffer axial force or bending
caused by the propagation of pre-existing cracks. Maitmoment. For a brittle solid cell strut with a volume of
etal.[7] found that the tensile fracture strength of foamsV subjected to a non-uniform tensile stress, the failure
depends on cell size, relative density, and cell-struprobability of the cell strut can be calculated from the
modulus of rupture. Morgaet al. [8] observed that Weibull statistic analysis [12]:
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the solid cell-strut beam becomes:

P = exp[—(‘;—f;)m/v Hm ‘i/—\:} )

Therefore, the corresponding cell-strut modulus of rup-
ture for a prescribed survival probability is found to be:

e[l (o)
[ )] ) e

Here f (m) is a function of the Weibull modulus. From
Equation 5, itis clear that the cell-strut modulus of rup-
ture in brittle foams is not a constant, depending on
the cell geometry, loading condition and material pa-
rameters of solid cell struts, and the prescribed survival

O-l
probability.
Figure 1 A three-dimensional, open cubic cell of isotropic foams with  The mean modulus of rupture of solid cell struts can
a cell strut thicknessand a cell lengtlt. be calculated from Equation 4
(o)
m Ofs = f Ps dots
Pf=1—PS=1—exp[—/<$) d—V} @) 0
v\oo/ Vo 0 o qv
= f exp |:—<—S) f HT —i| dots

HerePsis the survival probabilityy; is the unit volume, 0 Y v Vo
os is the tensile stress acting at any point within the gy -Lm 1
cell strut,op is a scale parameter analis the Weibull = o’0</ HM _) r <1 + _) (6)
modulus. Note that only tensile stresses within the cell v Vo m

strut are taken into account in calculating the failure

probability. Here'(1+m™1) is the gamma function. Again, the
Owing to the nature of microstructure in foams, themean cell- strut modulus of rupture depends on cell ge-

loading configuration of individual cell strut is very ometry and loading condition of solid cell struts. The

complicated and its corresponding stress distribution ignean cell-strut modulus of rupture can be further ex-

difficult to analyze. Nevertheless, the tensile stress apressed as:

any point can be expressed in terms of the maximum

tensile stress within the solid cell str : _ VoM™ 1
e stress within the solid cell strafy mea(p) r(i+5)im @

0s = Homax (2) . .
At the same time, the ratio of the cell-strut modulus of
Here H depends on the loading configuration of theupture for a prescribed survival probability and the
cell strut. The survival probability of the solid cell-strut Mean cell-strut modulus of rupture can be obtained

beam can be obtained by substituting Equation 2 into 110M Equations 5 and 7, regardless of the cell geometry
and loading condition within solid cell struts:

giving:
_ 1/m
1
Ps = exp / (as)m v Ofs [Iog (E)] ®8)
s = - - N —_— =
| Jv\oo/ Vo Ots F(l +1 )
B m
=exp —/ (M) d—V:| It is obvious that the ratio depends on the prescribed
L JV 00 Vo survival probability and the Weibull modulus of solid
_ g cell struts.
= exp| —<Gmax) / H™ —V:| (3)
| \ %0 v Vo 3. Survival probability of brittle isotropic
foams

When the maximum tensile stress reaches the cellfhe existing model for describing the failure envelopes
strut modulus of ruptures;s, failure occurs. By setting of foams under multiaxial loading [10] will be modified
omax= 0ts iN equation (3), the survival probability of to take into account the effect of strength variability in
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brittle cell struts. For brittle isotropic foams under mul- Only one-third of solid cell struts carry axial force ap-
tiaxial loading, brittle crushing, fast brittle fracture and plied in any one direction, giving a constant 3 in the
elastic buckling are the three possible failure modesbove equation. For brittle foams under a deviatoric
and will be considered here. Since the cell-strut modstress state, the induced bending moment can be found
ulus of rupture is not constant, the prescribed survivalising dimensional argument analysis:

probability and the Weibull modulus of solid cell struts,

presumably, will change the failure envelopes of brittle  Ms o< 30 o< €3

foams. T
2 2 2
[ 2[(07 =3+ (05 — a3+ (05 )
3.1. Brittle crushing 2[ ]
When a brittle isotropic foam subjected to a remote uni- (13)

axial compressive stress;, the induced bending mo- o Equations 11-13, the failure stresses for brittle
ment exerted on an individual solid cell strut is found to crushing are:

be Ms o o5¢3 by using dimensional argument analysis.

Brittle crushing occurs when the critical skin stress of oF £\ 3/2 35
the cell strut, which iss o« Ms/t3 from the elementary 4 = 4y ('O_> [1 - 7*”‘] (14)
mechanics of materials, reaches the cell-strut modulus Ofs Ps ois(0*/ ps)

of rupture. Since the relative density of the foam (the
density of the foamp*, divided by that of the solid
from which it is madeps) is proportional tat?/¢2, the
uniaxial crushing strength can be expressed as:

The constanis can be determined from a simple uni-
axial compression by setting;, = o/3 andoj = o

in the above equatiory, is roughly equal to 0.2 if the
relative density of foams is less than 0.25. Therefore,
i3 0+ \ Y2 the failure stresses for brittle crushing become:

O O ;301 = Cl( ) Ots )

Ps

oy o* 3/2 3o
WhereC; is a microstructure coefficient and was found o iO.Z(E) [1 - m] (15)
to be 0.2 by Gibsomt al.[10]. The uniaxial crushing

strength of brittle foams for a prescribed survival proba-

bility is thus obtained by substituting Equation 8 into 9: Since the cell-strut modulus of rupture is not a constant,

the failure stresses for brittle crushing can be expressed

L\]Ym in terms of the mean cell-strut modulus of rupture, the
., p*\¥?__ [ log (E)] Weibull modulus and the prescribed survival probabil-
Ocr Cl(g) %W (10) ity from Equation 8:
m
For brittle foams under multiaxial loading, the induced ag F(l+ %> — 402 p*\¥?
axial force and bending moment are taken into account for \JYm T (g)
in calculating the critical skin stress within solid cell [Iog (E)]
struts; the effect of shear force is negligible. Brittle
crushing occurs when the critical skin tensile stress ex- 3 F(l + %)
ceeds the cell-strut modulus of rupture for a given sur- x | 1— - T (16)
vival probability. Hence, the maximum tensile stress a—fs<%> [Iog (%)]
resulting from bending moment is: s
Mst/2  6Mg From Equation 9, the failure stresses can be further ex-
Ofs — Oas = R E (11) pressed in terms of the mean uniaxial crushing strength,
ok
Hereogsis the axial stress and is the second moment “
of area of individual solid cell strut. Note that the 1 1
. . . . * N\ 1/2 _x F(l + —)

bending moment can be either positive or negative. % :i:O.6<’0—> om \° ™) _ (17)
Multiaxial loads with the three principal stresses Ofs Os Oor [Io (i)]l/m
of of, o5 and o3, can be decomposed into a hy- 9\w
drostatic stress state witlry, = (o) +05 +03)/3 ) ] ) ]
and a deviatoric stress state wit; = ItiS clear that the failure stresses for brittle crushing

depend on the relative density of foams, the Weibull
modulus of solid cell struts, and the prescribed survival
eprobability.

V1/2[(of — 05)2+ (05 — 03)?+ (6 —o07)?].  Solid
cell struts within foams deform axially under a
hydrostatic stress state while they suffer bending und
a deviatoric stress state.

At first, we consider a hydrostatic stress state of3.2. Fast brittle fracture
oy =0, =o3. The resulting axial stress exerted on in- Figure 2 illustrates a brittle isotropic foam with a central

dividual solid cell strut can be expressed as: macro-crack of length, subjected to multiaxial loads.
Using dimensional argument analysis, Maitial. [7]
3m were able to derive the expression for mode | fracture
Oas = (12) P . . .
P*/ps toughness of foams as a function of cell size, relative
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o, The failure stresses for fast brittle fracture depend on

. the Weibull modulus, cell size, macrocrack length and
T I3 mean brittle crushing strength of brittle foams, and the
prescribed survival probability.

3.3. Elastic buckling

Brittle foams under either uniaxial or multiaxial com-
pressive loading might fail due to the bucking of one set
of cell struts loaded axially up to their Euler buckling
load. The remote triaxial stresses produce an axial load
on individual cell strut. When the axial load reaches the
Euler buckling load, elastic buckling occurs, giving the
elastic buckling strength of the foams:

Ogl =

n2m2Eglsg _ nn2Egt* _ n2n2Es [ p* 2
e 1200 12 \ ps

Figure 2 Abrittle foam with a central macrocrackinder remote triaxial (22)
loading. Here Es is the elastic modulus of solid cell struts. End
i ) constraint facton? depends on stress state and buckling
density and the modulus of rupture of solid cell struts: mode; Gibsoret al. [10] presented a full analysis for
£\ 3/2 a possible buckling mode and the corresponding end
Kjs = Coorsv/7l (p_> (18)  constraint factor for various multiaxial stress states.
Ps Since the Euler buckling load depends only on the

Again, the cell-strut modulus of rupture is assumed tc¢!@stic modulus and slenderness of individual cell strut,

be constant and the microstructure coefficiene=0.2  the elastic buckling strength of brittle foams will not be

suggested by Gibsaet al.[10]. affected by the Weibull modulus of solid cell struts and
The tensile fracture strength of the brittle foam will the prescribed survival probability. The end constraint

be much lower than its brittle crushing strength due tgfactors for brittie foams under multiaxial loading sug-

the stress concentration effect around the macrocrackested by Gibsoet al.[10] are listed in Table | and will

tip. When the critical skin stress within the first un- D€ utilized to construct the failure envelopes for brittle

broken solid cell strut exceeds the cell-strut modulus of0ams.

rupture for a prescribed survival probability, the macro-

crack advances, giving the tensile fracture strength off. Discussion

the foam oy From Equation 5, itis known that the cell-strut modulus
K T/ o\ 32 of rupture _in brittle foams depends on the cell geome-
of = —< = 0_2\/j(_> Ots try, the Weibull modulus of solid cell struts, and the pre-
NETS C\ ps scribed survival probability. Consider two brittle foams
L\TY/m made from the same solid material but with different
32 [ log (E)] cell size, relative density and prescribed survival prob-

L p*
= 0.2\/;<E) Gfsr<l—+l> (19) ability; £1, pj/ps and Ps 1 for foar_n 1 while#,, ,_0;‘/,03

m and Ps; for foam 2. From Equation 5, the ratio of the
Equations 8 and 18 have been used in the aboveell-strut moduli of rupture for the two foams is found
equation. The tensile fracture strength depends on th&® be:
Weibull modulus, cell size, relative density of the foam, _ 1/m
and the prescribed survival probability. Meanwhile, the Ofs,1 £2t22 | Ps2
tensile fracture strength can be further expressed in g, 12 9 Py
terms of the mean brittle crushing strength from Equa- -

tion 9: r 03 P;/Ps | P, 1/m
1/m = A " 0og .. (23)
['Og(i)] |\ \ pi/ps 51
of = éa*— éo_* LPARJT (20)
fr — Ccr— Ccr F(l-i—l)
m

o TABLE | Endconstraint facton? for elastic buckling of foams under
Under a multiaxial stress state of, o andoy, fast  multiaxial loads [10]

brittle fracture occurs when the maximum tensile stress

: ; iti 2 y—
exceeds the tensile fracture strength of the brittle foam\-°2d condition " o'/
Iog 1 1/m U_nia_xial compres_sion:f = G*;aé‘ :*ag :*0 0.41 1.00
. " Z_* Ps Biaxial compressionyy =0, 05 =03 =0 0.36 0.88
Max("l 025 ‘73) =% =y e 1 Hydrostatic compression;’ =03 =0 =o* 0.34 0.83
F(l+ m) of =0*, 0} =0} =—0"/8 0.42 1.02
of =—0%/2,05 =05 =0 0.37 0.90
1) -
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It is noted that the cell-strut modulus of rupture in-
creases with decreasing cell size, relative density ani
prescribed survival probability. The ratio in Equation 23
becomes smaller for a larger Weibull modulus. Also,
Equation 23 indicates that the cell-strut modulus of
rupture is a constant regardless of prescribed surviva
probability, cell size and relative density as the Weibull
modulus approaching infinity for ductile foams.

From Equations 17,21 and 22, itis found that the fail- |

ure stresses for brittle crushing and fast brittle fracture
in brittle foams are affected by cell size, relative density,
Weibull modulus and prescribed survival probability
while those for elastic buckling are only influenced by
relative density. To investigate the effect of prescribed
survival probability on the failure surfaces for brittle
foams under multiaxial loading, the Weibull modulus
is assumed to be constant and three different prescribe
survival probabilities of 0.2, 0.5 and 0.8 are considered
here. The resulting failure envelopes for axisymmetric
loading ofo; =03 are plotted in Figs 3—6 for brittle

foams with a Weibull modulus of 3, 6, 9 and 100, re- Figure 4 Failure envelopes for brittle foams withh=6 and various

pip, =0lcli=4
6, =03,6,/E, =001

Fast Brittle Fracture

& T

Elastic Buckling

Brittle Crushing

spectively. In the figures, the material parameters of'escribed survival probabilities of 0.2, 0.5 and 0.8.

brittle foams are assumed to gt =4, p*/ps=0.1

andors/Es=0.01. From Figs 3-5, it is seen that the
area contained within the failure envelope for brittle
foams decreases with increasing prescribed survivg
probability. For brittle foams with a higher prescribed

o1 p, =0Lc/l=4
o, =0,,0,/E, =00l

survival probability, the cell-strut modulus of rupture
will be smaller. As a result of that, the brittle foams
will be more likely to fail, giving a smaller area con-
tained within the failure envelope.

From Figs 3-6, it is also seen that the difference be+

tween the areas contained within the failure envelope!
for various survival probabilities becomes smaller as
the Weibull modulus increases. That is, the failure
stresses for foams with same cell size and relative den
sity but with a smaller Weibull modulus will scatter

more widely than those with a larger Weibull modulus.

Itis expected that the failure envelopes will come close

pip,=0lcli=4 o
0,=0,,0,1E, =001 47 o
Fast Brittle Fracture 27
8 2 4
oo
o, o,
Brittle Crushing
m=3
P3=02
Ps=0.5
Elastic Buckling S Ps=08

Figure 3 Failure envelopes for brittle foams witm=3 and various
prescribed survival probabilities of 0.2, 0.5 and 0.8.

Fast Brittie Fracture

2

S T

Brittle Crushing

/1

Elastic Buckling 8+

Figure 5 Failure envelopes for brittle foams witih=9 and various
prescribed survival probabilities of 0.2, 0.5 and 0.8.

to a set of intersecting lines when the Weibull modulus
becomes much larger as shown in Fig. 6.

Since the cell-strut modulus of rupture depends on
its volume, the failure stresses are different for brittle
foams with various cell sizes even though they have
same cell geometry and relative density. Consider two
brittle foams having the same relative density, Weibull
modulus and prescribed survival probability but dif-
ferent cell size; for instances;/ps = p5/ps=p*/ps,
mp=mp=m and Ps1 = Ps» but £; # ¢,. The failure
stresses for brittle crushing of foam 1 can be expressed
in terms of the uniaxial brittle crushing strength of
foam 2:

04,1 p*\2oma1 e\
+ 2 +O.6<—> _’=<_) (24)

*
Ocr2 Ps Ocr2 %)
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pip,=01clt=4
o, =0,,0,/E, =001

Fast Brittle Fracture

T -2

Brittle Crushing

Elastic Buckling

o /p, =01c/t=4
0,=0,,0,/E, =001

Fast Brittle Fracture

ala.
als.

Brittle Crushing

m=6
£,/€,-0.1
670, =1

£18,=10

Elastic Buckling

Figure 6 Failure envelopes for brittle foams with= 100 and various

Figure 8 Failure envelopes for brittle foams with= 6 and different cell

prescribed survival probabilities of 0.2, 0.5 and 0.8. The failure envelopesizes. Brittle foams with a smaller cell size have higher failure stresses
for various survival probabilities come closer to a set of intersecting linesfor brittle crushing. There is no cell size effect for both elastic buckling

as suggested by the existing model [10].

Meanwhile, ifc; =co, =c andc/¢, =c/¢, the failure
stresses for fast brittle fracture of foam 1 can also be
rewritten as:

Max(o7, 05, 03)

The Euler buckling load of solid cell struts depends
only on the relative density instead of the cell size of
brittle foams. As a result, the failure stresses for elastic
buckling of brittle foams exhibit no cell size effect.

pip, =0lcit=4
0, =0,,0,/E, =001

ala.

Fast Brittle Fracture

Brittle Crushing

Elastic Buckling

127
m=3

o £/, =0,
0,16, =1
0./, =10

Figure 7 Failure envelopes for brittle foams with=3 and different

and fast brittle fracture.

pip, =01cit=4 o
0,=6,,0,/E, =00l 47T o
Fast Brittle Fracture 27T
\ )/
8 A 2 4
o _o5
o, o,
| . Britle Crushing
m=9
4/, =01
/6 =1
Elastic Buckling -8 L ¢/6,=10

Figure 9 Failure envelopes for brittle foams with= 9 and different cell
sizes. Brittle foams with a smaller cell size have higher failure stresses for
brittle crushing but lower failure stresses for fast brittle fracture. There
is no cell size effect for elastic buckling.

The failure surfaces for brittle foams with different
cell sizes are plotted in Figs 7-10 for various Weibull
moduli. In the figures, the cell size ratlg/¢, is set to
be 0.1, 1.0 and 10, and the cell geometry and material
properties of the two foams are assumed totfe=4,
p*/ps=0.1andors/Es=0.01. Itis seen that the failure
stresses for brittle crushing in foams with a smaller cell
size is higher than those with a larger cell size. How-
ever, the effect of cell size on the failure surfaces of
brittle foams decreases as Weibull modulus increases.
Cell size effect is insignificant if Weibull modulus be-

cell sizes. The failure stresses for fast brittle fracture and brittle crushing?OMes much larger, for instanoe= 100 in Fig. 10, as

are higher for brittle foams with a smaller cell size.
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pip,=01lc/t=4

- - 0';
g, =03,0,/E, =001 4T o
Fast Brittle Fracture 2T
b
/’ ' /)
/J 2 4
A g _9
o, o,
Brittle Crushing
m=100

Elastic Buckling

-8

o £,]E, =011
0/t =1
i emam e 0/¢,=10

Figure 10 Failure envelopes for brittle foams with= 100 and different
cell sizes. The cell size effect on brittle crushing and elastic buckling isReferences
negligible.

and Weibull moduli. Itis found that the areas contained
within the failure envelopes for brittle foam increase
with decreasing prescribed survival probability. The
failure stresses for brittle foams with a smaller Weibull
modulus will scatter more widely than those with a
larger Weibull modulus. Meanwhile, cell size effect is
significant for brittle crushing and fast brittle fracture
in brittle foams. The failure stresses for brittle crushing
increase with decreasing cell size. The failure stresses
for fast brittle fracture decrease with increasing cell size
if the Weibull modulusm, of the cell strut material is
less than 6; ifm=6, there is no cell size effect; and
if mis larger than 6, the failure stresses increase with
increasing cell size.
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